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1. Introduction 
Using a bladder o r  diaphragm a s  a means of obtaining p o s i t i v e  expulsion 
of a  p rope l l an t  from a tank has a t t r a c t i v e  f ea tu res .  The volumetric e f f i c i e n c y ,  
the  f r a c t i o n  of t o t a l  volume a l l o t e d  t o  the  propel lant  s torage and expulsion 
system taken up by the  p rope l l an t  i t s e l f ,  i s  high, perhaps a maximum i n  com- 
par ison with o ther  expulsion devices.* I f  the  t h i n ,  f l e x i b l e ,  s h e l l  i s  de- 
signed c o r r e c t l y ,  the  expulsion e f f i c i e n c y ,  the  f r a c t i o n  of t o t a l  volume of 
p rope l l an t  s tored  which i s  expelled,  can be a s  high a s  1.0. Correct design 
can a l s o  mean t h a t  a  r e l a t i v e l y  low pressure  d i f f e r e n t i a l  i s  required t o  force  
the  s h e l l  through the  expulsion process. Furthermore, i f  e i t h e r  the  s h e l l  ma- 
t e r i a l  can withstand repeated fo ld ing o r  s u i t a b l e  cont ro l  schemes a r e  employed 
t o  achieve a des i red  deformation p a t t e r n  r e s t r i c t i n g  the  ex ten t  of fo ld ing ,  
then recycl ing  of the  bladder o r  diaphragm would be poss ib le .  Whether fo ld ing 
can be t o l e r a t e d  o r  not  depends pr imar i ly  on the  mater ia l  of the  s h e l l .  The 
p r o p e l l a n t ' s  chemical p roper t i e s  determine, f o r  the  most p a r t ,  the  choice of 
ma te r i a l .  Since the  p rope l l an t  may be s tored  f o r  lengthy per iods  of time be- 
f o r e  expulsion,  considerat ion must be given t o  the  p o s s i b i l i t y  of permeation 
of p rope l l an t  through the  s h e l l  wal ls  o r  degradation of the  s h e l l  ma te r i a l  
p roper t i e s .  
The design of a p rope l l an t  expulsion bladder o r  diaphragm s a t i s f y i n g  
the  aforementioned c r i t e r i a  (high volumetric and expulsion e f f i c i e n c y ,  low 
pressure  d i f f e r e n t i a l  dr iv ing fo rce ,  recycle  c a p a b i l i t y ,  propel lant -mater ia l  
compat ib i l i ty)  remains a formidable problem. Most design t o  d a t e  has been v i a  
the  s e a t  of the  pants .  This i s  not  su rp r i s ing  s ince  the  complexity of the  
deformation process experienced by an expulsion device of t h i s  type makes any 
r a t i o n a l  ana lys i s  exceedingly d i f f i c u l t .  
A glance a t  the  collapsed conf igura t ion  of a  Teflon f i lm,  Teflon f e l t ,  
aluminum f o i l ,  layered,  hemispherical bladder,  shown i n  i . <, .! ! L ~ ~ T  Z 
i n d i c a t e s  the  a r b i t r a r y ,  nonlinear na ture  of the  deformation experience by 
t h i s  type of expulsion device. Other t e s t s  ind ica te  t h a t  a  bladder o r  diaphragm, 
* 
For a comprehensive survey of the  c h a r a c t e r i s t i c s  of a more general  range of 
expulsion devices,  see Reference 1. 
i n i t i a l l y  i n  t he  form of a s h e l l  of r e v o l u t i o n ,  t he  convoluted hemispherical  
diaphragm f o r  example (Ref. 3 1 ,  does no t  deform i n  an  axisymmetric way, A t  
some p o i n t  i n  t h e  expuls ion  process  nonaxisymmetric deformation i s  i n i t i a t e d ,  
l ead ing  t o  t h e  genera t ion  of c r e a s e s ,  wr inkles ,  s i n g l e  o r  double f o l d s .  Even 
i f  t h e  m a t e r i a l  can withstand a l i m i t e d  amount of fo ld ing  o r  c r eas ing ,  t h i s  so- 
c a l l e d ,  "random deformation" may r e s u l t  i n  pockets  of t rapped p r o p e l l a n t  o r  
premature c lo s ing  of t h e  e x i t  p o r t ( s ) .  I n  e i t h e r  c a s e ,  t he  a n t i c i p a t e d  ex- 
pu l s ion  e f f i c i e n c y  of t h e  device  may n o t  be achieved. I f  t h e  s h e l l  must be 
made of metal  i n  o rde r  t o  s a t i s f y  t h e  propel lan t -mater ia l  compa t ib i l i t y  r e -  
quirement ,  then  one pre l iminary  a n a l y s i s  (Ref. 4 )  i n d i c a t e s  t h a t  t h e  occur- 
rence of a double f o l d  w i l l  l e a d  t o  f a i l u r e  on the  f i r s t  expulsion cyc le .  
I n  order  t o  e s t a b l i s h  a r a t i o n a l  procedure f o r  t he  des ign  of expulsion 
dev ices ,  a coordinated program of app ropr i a t e  a n a l y s i s  and t e s t i n g ,  one must 
a t tempt  t o  achieve some understanding of t h e  fundamental mechanisms involved 
i n  t h e  deformation process .  I n  t h i s  i n v e s t i g a t i o n ,  a t t e n t i o n  i s  d i r e c t e d  
toward t h e  behavior of t h e  r eve r s ing  diaphragm i n i t i a l l y  i n  t h e  form of a s h e l l  
of r evo lu t ion .  The hemispherical  diaphragm shown i n  F ig .  1 is one p o s s i b l e  
conf igura t ion .  
Observation of t e s t s  performed on a diaphragm of t h i s  k ind ,  l e a d s  t o  
t h e  fol lowing c h a r a c t e r i z a t i o n  of t he  deformation process :  
(1) I n i t i a l l y ,  t h e  s h e l l  deforms i n  an axisymmetric fash ion .  
A shallow p o r t i o n  near t h e  apex becomes carlcave upwards. 
( 2 )  A t  some p o i n t ,  nonaxisymmetric deformation i n i t i a t e s .  
( 3 )  These wr inkles  grow i n t o  f o l d s  i n  what appears  t o  be a 
nondeterminis t ic  process  a s  t h e  diaphragm co l l apses .  
F I G .  1 REVERSING HEMISPHERICAL DIAPHRAGM 
With t h i s  p i c t u r e  i n  mind, we may pose t h e  fol lowing s e r i e s  of ques t ions .  
What p re s su re  d i f f e r e n t i a l  i s  r equ i r ed  t o  d r i v e  t h e  s h e l l  through t h e  ax i -  
symmetric s t a g e s  of  deformation? What mechanism i s  t h e  cause of t h e  i n i t i a t i o n  
of nonaxisymmetric deformation? What i s  t h e  e x t e n t  of f o l d i n g ,  i . e . ,  s i n g l e  
f o l d s ,  double f o l d s ?  Is recyc l ing  a  p o s s i b i l i t y ?  What i s  t h e  e x t e n t  of 
p l a s t i c  flow? When and where does it occur? What i s  t h e  primary f a i l u r e  
mechanism? 
I n  o rde r  t o  eva lua t e  a  p a r t i c u l a r  des ign ,  one would l i k e  t o  have a v a i l -  
a b l e  a  set of app ropr i a t e  a n a l y t i c a l  and experimental  techniques which would 
provide answers t o  t h e s e  ques t ions  i n  a  d e f i n i t i v e  and q u a n t i t a t i v e  way. These 
techniques should desc r ibe  t h e  e f f e c t  o f :  v a r i a t i o n s  i n  s h e l l  geometry and 
m a t e r i a l  p r o p e r t i e s ,  t h e  i n t roduc t ion  of s t i f f n e r s ,  l aye r ing  of d i f f e r e n t  
m a t e r i a l s ,  e t c  . , on t h e  performance of t h e  diapluagm. 
The main t h r u s t  of t h i s  i n v e s t i g a t i o n  has  been t o  a t tempt  t o  answer the  
f i r s t  two ques t ions  l i s t e d  above and t o  e s t a b l i s h  t h e  necessary a n a l y t i c a l  
techniques r equ i r ed  t o  p r e d i c t  t h e  e f f e c t  of v a r i a t i o n s  i n  design parameters  
on t h e s e  answers. A s  such, t h i s  work r e p r e s e n t s  a  f i r s t  s t e p  i n  t h e  under- 
s tanding  of  t h e  deformation p roces s  experienced by t h e  r eve r s ing  diaphragm; 
a  f i r s t  element of a  sys temat ic  p l an  f o r  t h e  de te rmina t ion  of t h e  e f f i c i e n c y  
and ope ra t iona l  l i f e  of such m e t a l l i c  and nonmetal l ic  p r o p e l l a n t  expuls ion  de- 
v i c e s  a s  b ladders  and diaphragms. 
2. Analysis  of t h e  Axisymmetric Deformation of a  Radial ly-  
Cons t ra ined ,  Sphe r i ca l  S h e l l  under Externa l  Pressure  
I n  t h i s  s e c t i o n ,  a t t e n t i o n  i s  d i r e c t e d  t o  t h e  problem involving t h e  de- 
te rmina t ion  of t h e  axisymmetric equi l ibr ium conf igu ra t ion  of a  r e v e r s i n g  d i a -  
phragm i n  t h e  s t a t e  shown i n  Fig.  2.1. Appropriate  equat ions  of equi l ibr ium 
and c o m p a t i b i l i t y  of  deformation have been deduced by E. Reissner (Refs.  5 ,  6 ) .  
We show t h a t  t h i s  system of equat ions  admits  t h e  p o s s i b i l i t y  of t h e  e x i s t e n c e  
of an  edge zone i n  t h e  v i c i n i t y  of t h e  p o i n t  where t h e  detached p o r t i o n  of t h e  
s h e l l  comes i n  c o n t a c t  wi th  t h e  r e s t r a i n i n g  tank su r f ace .  On e i t h e r  s i d e  of 
t h i s  edge zone, a  s o l u t i o n  is e a s i l y  obta ined .  I n  t h e  edge zone, however, t h e  
nonl inear  system of  equat ions  desc r ib ing  t h e  behavior of t h e  s h e l l ,  a l though 
simpler i n  form than  t h e  complete,  gene ra l  system, demand cons iderable  e f f o r t  
i n  order  t o  o b t a i n  a  so lu t ion .  
FIG. 2.1 
2.1  laembrane Behavior - "Attached" Por t ion  
Since t h e  displacement normal t o  t h e  midsurface of t h e  s h e l l  must van i sh  
along t h e  a t t ached  p o r t i o n ,  cd ,  t h e  bending moment and t r a n s v e r s e  shear  l i k e -  
wise a r e  zero i n  t h i s  reg ion .  The s h e l l  behaves then  a s  a  membrane. Equil ibr ium 
of an  element of t h e  s h e l l  i s  s a t i s f i e d  i f :  
where N i s  t h e  meridional  s t r e s s  r e s u l t a n t ,  N t h e  c i r cumfe ren t i a l  s t r e s s  11 22 ' 
r e s u l t a n t  and P t h e  r e a c t i v e  normal f o r c e  per  u n i t  a r ea  exer ted  on t h e  s h e l l  3 
by t h e  cons t r a in ing  tank.  
The s t r e s s - s t r a i n  r e l a t i o n s  a r e  
EL (E_ + J E )  N = 2 2  I I 
2 2  (I- 12) 
and t h e  s t r a i n  displacement r e l a t i o n s  a r e  
The f i r s t  equ i l i b r ium equat ion ,  i n  terms of t h e  t a n g e n t i a l  d i sp lacement ,  
u us ing  Fds. (2.1.2) and (2.1.3)  becomes 
T ' 
The boundary cond i t i ons  on u may be taken a s :  T 
a t  4 = +* k,. = 6, (assd..ed p re sc r ibed )  (2.1.5b) 
The s o l u t i o n  t o  t h i s  problem was ob ta ined  by a r e g u l a r  s e r i e s  expansion 
about  4 = 7r/2. (See Ref. 7 f o r  t h e  d e t a i l s  of t h i s  s o l u t i o n  procedure.)  
Having u T ( @ ) ,  t h e  stress r e s u l t a n t s  N and N a r e  ob ta ined  from Eqs. 11 22 
(2.1.2)  and (2 .1 .3 ) .  I n  terms of  u we have T ' 
Of p a r t i c u l a r  i n t e r e s t  i s  t h e  e f f e c t i v e  s t i f f n e s s  of  t h i s  cons t r a ined  
* 
p o r t i o n  a s  @ v a r i e s .  P l o t t e d  i n  F ig .  2.2 i s  t h e  way i n  which t h i s  s t i f f n e s s ,  
* 
a s  measured by ( N ~ ~ / E ~ ) / ( A / R ) ,  changes a s  4 ranges  from 15O t o  90°. Also 
p l o t t e d  i s  t h e  r a t i o  ( N ~ ~ / E ~ ) /  ( A I R )  . Note t h a t  t h e  nondimensionalized va lue  
* 
of t h e  mer id iona l  s t r e s s  r e s u l t a n t  N /Eh i s  of o rde r  A/R. (Reca l l  t h a t  A 
* 11 
i s  t h e  t a n g e n t i a l  displacement  a t  @ .) 
FIG. 2.2 
2 . 2  Behavior of "Detached" Po r t i on  
For t h e  detached p o r t i o n  of  t h e  s h e l l ,  ( a c ) ,  R e i s s n e r ' s  equa t ions  
apply f o r  t h i s  c a s e  of f i n i t e  d i sp lacements  and r o t a t i o n s .  The s o l u t i o n  of 
t h i s  f o u r t h  o rde r  system of two coupled,  non l inea r ,  d i f f e r e n t i a l  equa t ions  
p r e s e n t s  a  formidable  problem. I t  i s  shown i n  t h e  fo l lowing  t h a t  cons ide rab l e  
s i m p l i f i c a t i o n  i s  achieved by pursuing an  asymptot ic  s o l u t i o n .  
For a  s p h e r i c a l  s h e l l ,  under e x t e r n a l  p r e s s u r e  P I  R e i s s n e r ' s  equa t ions  
may be p u t  i n t o  t h e  fo:m: 
~ 0 5  $ - SIN + ( V C O ~  9 - -/-j SIN$)=O ( 2 . 2 . 1 ~ )  
S t r e s s - S t r a i n  
t I 
(2 .2 .2a)  - -CNT- ~k 'Ne), c3 "-(N~-'Y) EL (2.2.2b) 
Strain-Displacement 
/ 
u a 5 + - - ~ 5 9  u 
- + 3 E. =z --------- (2 .2 .3a)  £5 - C O S  I$ 8 RSIN$ ( 2.2.3b) 5 R cosH 
Compat ib i l i ty  of Deformation 
I n  t h e  above system, ( r e f e r  t o  F ig .  2.4) ,  V and H a r e  v e r t i c a l  and 
h o r i z o n t a l  s t r e s s  r e s u l t a n t s ,  r e s p e c t i v e l y .  They a r e  r e l a t e d  t o  t h e  membrane 
s t r e s s  r e s u l t a n t  N and t r a n s v e r s e  shear  Q v i a  5 
V = N3 SIN @ f Q L o s  4 
Prime d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t h e  independen t  v a r i a b l e  
9, t h e  s l o p e  o f  t h e  m e r i d i o n a l  i n  t h e  undeformed, s p h e r i c a l  s t a t e .  @ i s  t h i s  
s l o p e  i n  t h e  deformed s t a t e .  R i s  t h e  r a d i u s  o f  t h e  s p h e r e ,  h i t s  t h i c k n e s s ;  
E ,  young ' s  modulus; V ,  P o i s s o n ' s  r a t i o  and D is  t h e  s h e l l  bending s t i f f n e s s  
3 2  
D = Eh / 1 2 ( 1  - V ) .  
A s  shown i n  Refs .  5 and 6 ,  t h i s  sys tem o f  e q u a t i o n s  may be reduced 
t o  two coupled ,  second-order n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  h o r i -  
z o n t a l  stress r e s u l t a n t ,  H I  and t h e  s l o p e  o f  t h e  m e r i d i o n a l  t a n g e n t  i n  t h e  de- 
formed s t a t e ,  @. For  o u r  s p h e r i c a l  s h e l l ,  t h e s e  two e q u a t i o n s  become: / 
2.2 .1  Detached P o r t i o n  - Far -F ie ld  S o l u t i o n  
For t h e  de tached  p o r t i o n  o f  t h e  s h e l l ,  r e g i o n  a b  i n  F i g .  2 .1 ,  t h e  f a r  
f i e l d  s o l u t i o n  ( t h e  s t a t e  o f  a f f a i r s  away from t h e  edge zone) i s  o b t a i n e d  by 
c o n s i d e r i n g  t h e  r e l a t i v e  o r d e r s  o f  magnitudes o f  t e rms  i n  o u r  system o f  equa- 
t i o n s .  An a p p r o p r i a t e  ba lance  o f  t e r m s ,  l e a d i n g  t o  t h e  e x i s t e n c e  o f  an  edge 
zone,  i s  o b t a i n e d  v i a  t h e  fo l lowing  s e t  of a ssumpt ions ,  
(i) Assume, i n  t h e  f a r  f i e l d ,  t h a t  d e r i v a t i v e s  with 
r e s p e c t  t o  4 a r e  of o r d e r  1 .0.  
(ii) From Eq.  ( 2 . 2 . l a ) ,  V i s  of o rde r  P.R. S ince ,  f o r  a 
sphe r i ca l  s h e l l  under e x t e r n a l  p r e s s u r e ,  t h e  buckling 
2 2 2 2 l oad ,  p ,  i s  of o r d e r  E (h /R ) , we assume P ( R  /Eh ) i s  
of o rde r  1 .0  a t  most. 
(iii) Assume H i s  of o r d e r  Eh(h/R). I t  w i l l  be seen t h a t  
t h i s  y i e l d s  an appropr i a t e  balance of terms and t h e  
ex i s t ence  of an edge zone. 
Dividing Eq. (2.2.6a) through by t h e  o rde r  of magnitude of H I  we see  
t h a t  a l l  terms on t h e  lef t -hand s i d e  of t h i s  r e l a t i o n s h i p  a r e  of order  1 . 0  
a t  most, whereas t h e  right-hand s i d e  i s  of o rde r  R/h. S imi l a r ly ,  a l l  terms 
on t h e  lef t -hand s i d e  of Eq. (2.2.6b) a r e  of o rde r  1 .0,  whereas t h e  right-hand 
s i d e  i s ,  aga in ,  of o rde r  R/h. 
This  imp l i e s  t h a t ,  i n  t h e  f a r  f i e l d  away from t h e  edge zone, t h e  
s t r e s s  and deformation s t a t e  of t h e  s h e l l  i s  descr ibed  approximately by 
The s o l u t i o n  t o  t h e  f i r s t  of t h e s e  two equat ions  we t ake  a s  
That is ,  i n  t h e  detached p o r t i o n  away from t h e  edge zone, t h e  con- 
f i g u r a t i o n  of  t h e  s h e l l  i s  a r e f l e c t i o n  of i t s  undeformed s t a t e  about  a p lane  
perpendicular  t o  t h e  r a d i u s  0 a and pass ing  t h o u g h  b. 
With t h i s ,  t he  s t a t e  of s t r e s s ,  s t r a i n  and deformation wi th in  t h i s  
p o r t i o n  of t h e  s h e l l  i s  found t o  be: 
A s  f a r  a s  t h e  c o n t r i b u t i o n  of t h e  membrane s t r e s s  r e s u l t a n t s  i s  con- 
cerned ,  we s e e  t h a t  we have a s t a t e  of s t r e s s  equ iva l en t  t o  a s p h e r i c a l  s h e l l  
under i n t e r n a l  pressure .  
2.2.2 Detached Por t ion  - Edge-Zone Formulation 
I t  i s  obvious t h a t  t h e  f a r  f i e l d  s o l u t i o n  cannot  f i t  t h e  r equ i r ed  con- 
d i t i o n s  a t  t h a t  p o i n t  where the  s h e l l  comes i n  c o n t a c t  wi th  t h e  r e s t r a i n i n g  
tank.  I n  o rde r  t o  make t h i n g s  r i g h t ,  we assume t h a t  t h e r e  e x i s t s  a n  edge zone 
wi th in  which d e r i v a t i v e s  wi th  r e s p e c t  t o  a r e  of o rde r  . This  r e s t o r e s  
t h e  presence of t h e  h ighes t  d e r i v a t i v e s  i n  Eqs. (2.2.6a) and (2.2.6b) ,  which, 
i n  t u r n ,  enables  u s  t o  s a t i s f y  t h e  app ropr i a t e  boundary cond i t i ons  a t  t h e  con- 
t a c t  p o i n t .  
2, 
Thus, i n  t h e  edge zone we have, not ing t h a t  s i n @  2, s i n @  and 
0 
2, 
cos@ 2, COS$ , i n  t h i s  reg ion .  
0 
These a r e  t h e  same e q u a t i o n s  developed by E .  R e i s s n e r  (Ref .  8 )  i n  
o b t a i n i n g  n o n l i n e a r  i n f l u e n c e  c o e f f i c i e n t s  f o r  edge l o a d i n g  o f  deep  s h e l l s  o f  
r e v o l u t i o n .  




With t h e s e ,  o u r  system of  e q u a t i o n s  becomes 
The complete  s t a t e m e n t  o f  t h e  edge zone problem, r e q u i r e s  t h a t  boundary 
c o n d i t i o n s  be p r e s c r i b e d .  
S i n c e  t h e s e  c o n d i t i o n s  w i l l  i n v o l v e  t h e  h o r i z o n t a l  d i s p l a c e m e n t ,  u ,  
bending moment and membrane s t r e s s  r e s u l t a n t s  N and  N we must c o n s i d e r  
M~ 5 e I 
t h e i r  r o l e  i n  t h i s  edge zone system. 
From Eq. ( 2 . 2 . l b )  we must have 
From Eqs. (2.2.5a) and (2.2.5b) we have 
From Eq.  (2.2.2b) , then 
. 
From Eq.  (2 .2 .3b) ,  it fo l lows  
With regard  t o  t h e  bending moments, we have from ( 2 . 2 . 3 ~ )  and (2.2.3d) 
From (2.2.3a) then  
Reca l l  t h a t  away from t h e  edge zone, t h e  f a r  f i e l d  s o l u t i o n  y i e l d s  
LC = 0 [I%) 
Requi r ing  t h a t  t h e  edge zone s o l u t i o n  match t h e  f a r  f i e l d  s o l u t i o n  a s  
< approaches  i n f i n i t y ,  we o b t a i n  
At  t h e  o t h e r  boundary,  < = O r  a t  t h a t  p o i n t  where t h e  s h e l l  comes i n t o  
c o n t a c t  w i t h  t h e  r e s t r a i n i n g  tanlc w a l l ,  w e  r e q u i r e  t h a t  t h e  membrane s t r e s s  
r e s u l t a n t  be con t inuous  a c r o s s  t h e  c o n t a c t  p o i n t  (<=+& t o  <=-E) 
we a l s o  r e q u i r e  c o n t i n u i t y  of d i s p l a c e m e n t  
U = u  
4- - 
and f i n a l l y ,  t h a t  and @ '  be con t inuous .  
T h i s  l a s t  r equ i rement  y i e l d s  
s i n c e ,  everywhere w i t h i n  t h e  a t t a c h e d  p o r t i o n  t h i s  q u a n t i t y  i s  of  o r d e r  
1 / X  = mE. 
Now, a s  i n d i c a t e d  by F i g .  2 . 2  
With t h e  above,  t h i s  may be w r i t t e n  a s  
Thus we conclude t h a t ,  a t  < = 0  
Oc%. = 0 
J--5 
Summarizing, we have a s  our  problem t h e  s o l u t i o n  o f  t h e  f o u r t h  o r d e r  
system 
with  t h e  fol lowing boundary cond i t i ons  
As T-+$-oc  
Note t h a t  f i v e  boundary cond i t i ons  a r e  r equ i r ed  s i n c e  @ o i s  n o t  known 
a p r i o r i .  (We assume P* i s  p re sc r ibed . )  
2.2.3 So lu t ion  of  t h e  Edge Zone Problem 
I n  so lv ing  t h e  system of  equa t ions  (2.2.12a) through ( 2 . 2 . 1 4 ~ )  , one 
would expect  t o  o b t a i n  a r e l a t i o n s h i p  between t h e  p re s su re  d i f f e r e n t i a l  P* 
and t h e  con tac t  angle  9 . I n  t h e  fol lowing we show t h a t  c o n s i s t e n t  wi th  t h e  
0 
o r d e r  of approximation of our  asymptot ic  procedure ,  P* i s  ze ro ,  Proof of t h i s  
fol lows from t h e  gene ra t i on  of a  f i r s t  i n t e g r a l  of our  system. 
Thi s  f i r s t  i n t e g r a l  i s  obta ined  by mu l t i p ly ing  Eq. (2.2.12a)by dg/d<; 
~ q .  (2.2.12b) by dO/d< and forming t h e  d i f f e r e n c e ,  I n  t h i s  way we o b t a i n  
where C i s  a  c o n s t a n t  o f  i n t e g r a t i o n .  
Applying t h e  boundary c o n d i t i o n s  a t  5  = 0,  Eqs. 
we o b t a i n  
+ 4 p X = c  
On t h e  o t h e r  hand, a s  5 -+ *, w e  expect  d@/d5 and dg/d< t o  approach ze ro  wi th  
@ approaching - 6-. This  y i e l d s  
These l a s t  two r e l a t i o n s h i p s  imply 
c = p x = 0  
Apparent ly ,  t hen ,  i n  o r d e r  t o  have equ i l i b r ium conf igu ra t i ons  o f  t h e  
2 2  form d i sp l ayed  i n  F ig .  1, P* i s  n o t  of o rde r  1 .0 .  A l t e r n a t i v e l y ,  P R  /Eh 
i s  of o r d e r  Jh/R a t  most. 
The s o l u t i o n  procedure employed has been presen ted  i n  Ref. 9. Of 
i n t e r e s t  here  a r e  t h e  r e s u l t s  ob ta ined .  Having obta ined  @ and g  a s  f u n c t i o n s  
of 5 ,  s t r e s s  and moment r e s u l t a n t s  and t h e  displacement  u(<) a r e  g iven  by t h e  
fo l lowing  : 
3 l ~ )  
0 
Where, a s  b e f o r e  
The r e s u l t s  of t h i s  a n a l y s i s  a r e  d i s p l a y e d  i n  F i g s .  2.4 th rough  2.11. 
I n  t h e  f i r s t  t h r e e  f i g u r e s  a r e  p l o t t e d  nondimensional v a l u e s  o f  N 5 
N o ,  and H a s  f u n c t i o n s  o f  5 f o r  v a r i o u s  v a l u e s  o f  s e p a r a t i o n  a n g l e  4 . I n  E 0 
Observe t h a t  c r i t i c a l  s t r e s s  c o n d i t i o n s  a r e  due t o  t h e  a c t i o n  of n  8 
and m,, i . e . ,  
The deformed c o n f i g u r a t i o n  o f  t h e  s h e l l  i n  t h e  v i c i n i t y  o f  t h e  c o n t a c t  
p o i n t  f o r  v a r i o u s  v a l u e s  of @ i s  shown i n  t h e  remaining f i v e  f i g u r e s .  
0 
A c a u t i o n a r y  n o t e  must be i n t r o d u c e d  h e r e .  I n  t h e  f o r m u l a t i o n  of t h e  
problem, it was assumed t h a t  ($ was of o r d e r  1 . 0 .  I f  ($ i s  a s m a l l e r  o r d e r  
0 0 
o f  magni tude,  t h e  problem must be r e f o r m u l a t e d  w i t h i n  t h e  framework o f  
s h a l l o w  s h e l l  t h e o r y .  Thus, t h e  v a l i d i t y  o f  t h e  r e s u l t s  o f  t h e  a n a l y s i s  f o r  
s m a l l  Qo; e . g . ,  @ = l o 0 ,  i s  s u b j e c t  t o  q u e s t i o n .  
0 
FIG.2.4 NONDIMENSIONALIZED MERIDIONAL STRESS-RESULTANT 
FIG. 2.5 NONDIMENSIONALIZED CIRCUMFERENTIAL, STRESS-RESULTANT 
FIG. 2.6 NONDIMENSTClNAT,TZED MERI;:T!3MAL MOMENT 
FIG. 2.7 DEFORMED C O N F I G U R A T I O N  O F  THE Sii!CLI. ,A':' (,. = 10. 
FIG. 2.8 DEFORMED CONFIGURATION OF THE SHETIT! AT $ = -,'* 
FIG. 2.9 DEFORMED CONFIGURATION OF THE SHELL AT = ; \ I Q  
FIG. 2,10 D E F O R M E D  C O N F I G U R A T I O N  O F  THE SHELL A T  4 = 4 " 
.c' 
F I G .  2 . 1 1  D E F O R M E D  C O N F I G U R A T I O N  O F  T H E  S H E L L  AT : ,. 'O 
2 7 
Problem Formulation 
Given t h i s  s o l u t i o n  f o r  t h e  axisymmet?ic deformation of  t h e  cons t ra ined  
sphere,  one may proceed t o  i n v e s t i g a t e  t he  p o s s i b i l i t y  of  asynmetr ic  deforma- 
t i o n ;  t h e  o n s e t  of wrinkl ing.  The extreme compressive s t r e s s  cond i t i ons  
e x i s t i n g  wi th in  t h e  edge zone sugges ts  t h a t  nonaxisymmetric deformation w i l l  
be i n i t i a t e d  wi th in  t h i s  same reg ion .  To determine when wrinkl ing i n i t i a t e s ,  
we admit t he  p o s s i b i l i t y  of t h e  ex i s t ence  of small, nonaxisymmetric, d i sp l ace -  
ments and r o t a t i o n s  i n  t h e  neighborhood of our  p rev ious ly  determined, ax i -  
symmetric conf igura t ion .  An appropr i a t e  system of equa t ions  desc r ib ing  t h i s  
s i t u a t i o n  i s  t h e  Donnell-Mushtari-Vlosov system w r i t t e n  wi th  r e s p e c t  t o  t h e  
deformed, axisynmetr ic  s t a t e .  
F I G .  3.1 
I n  t h e  f o l l o w i n g ,  we t a k e  a s  o u r  independent  v a r i a b l e  i n  t h e  m e r i d i o n a l  
d i r e c t i o n  t h e  s l o p e  o f  t h e  m e r i d i o n a l  i n  t h e  undeformed c o n f i g u r a t i o n ,  @ ,  and 
i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n ,  t h e  p o l a r  a n g l e ,  8 .  
Def in ing  t h e  geomet r ic  p a r v e t e r s  a ,  R and R by 1 2  
The e q u i l i b r i u m  e q u a t i o n s  o f  t h e  Donnell  system become (Ref. 1 0 )  
/ 
22 
( 4 ~  + (h N,P -+d cos 9 N, = 
22 
(3 .  l a )  
( 3 .  lb) 
I n  t h e  above e q u a t i o n s  pr ime d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  4 ,  and 
d o t  d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  8. N and N o  a r e  t h e  m e r i d i o n a l  5 
and c i r c u m f e r e n t i a l  stress r e s u l t a n t s  e x i s t i n g  i n  t h e  axisymmetr ic ,  deformed 
state a s  d e f i n e d  by Eqs. (2.2.16a) and (2 .2 .16b) .  
The s t r e s s - s t r a i n  r e l a t i o n s  a r e  
The strain-displacement  r e l a t i o n s h i p s  a r e :  
Where t h e  r o t a t i o n s  $J and $J a r e  r e l a t e d  t o  t h e  normal displacement  1 2 
W by 
The boundary cond i t i ons  on an  edge $I = cons t an t  t ake  t h e  form 
This system of homogeneous equations (3.2) through (3.8) c o n s t i t u t e s  an 
eigenvalue problem. The eigenvalue, which we may take  a s  @ , i s  imbedded i n  
0 
the  "prebuckling" s t r e s s  r e s u l t a n t s  N and N We expect t h a t  nonaxisymmetric 5 8 ' 
deformation s t a t e s ,  n o n t r i v i a l  so lu t ions  t o  t h i s  system, e x i s t  only a t  d i s -  
c r e t e  va lues  of the  separa t ion  angle @ . A f i r s t  s t e p  i n  the  solu t ion  of t h i s  
0 
problem i s  accomplished by e l iminat ion  of dependence on the  polar  angle 8. 
s e t t i n g  
= ",. 9 3.9 h 12 I ,,v] c o s  
where k i s  an in tege r  and n n 11' 22 . * .  ' "12' qZ ... a r e  funct ions  only of @. 
Our system of equations becomes: 
/ 
- 4 cos 5 hlc q, = 0 (3.9d) 
/ 
k ~ ( h  + ( h m , 2 ) + D (  cos 9 C M ~ ~  hd%T 0 (3.9e) 
2 2 
Stress -5  t r a i n  
Strain-Displacement / 
I n  t h e  above equa t ions  
Boundary Condi t ions  
On 4 = c o n s t a n t  
h 7 0  cM. L C =  0 
I I 
W I Z  =- 0 Qk v = o  
Thi s  completes  t h e  formula t ion  of t h e  eigenvalue problem. The s o l u t i o n  
o f  t h i s  problem d e f i n e s  t h a t  va lue  of s e p a r a t i o n  ang le ,  4 when nonaxisymmetric 
0 ' 
deformation is  p o s s i b l e ;  i - e . ,  when f o l d i n g  i s  i n i t i a t e d .  I t  i s  expected t h a t  
some s i m p l i f i c a t i o n  i n  t h e  s o l u t i o n  t o  t h i s  r a t h e r  formidable  problem may be 
achieved by t h e  same asymptot ic  techniques  used t o  determine the  a x i  symmetric 
deformation s t a t e s  . 
The preceding e f f o r t  has  focused on t h e  understanding of one phase uf 
t h e  diaphragm deformation process; t h e  axisymmetric,  non l inea r  behavior of t h e  
cons t r a ined  hemisphere. The r e s u l t s  of t h i s  a n a l y s i s  show t h a t ,  even a t  
moderate s epa ra t ion  ang le s ,  extreme s t r e s s  and s t r a i n  s t a t e s  a r e  generated i n  
a narrow edge zone i n  t h e  s h e l l  near  t h e  sepa ra t ion  po in t .  An important  con- 
sequence of t h i s  asymptot ic  procedure i s  t h a t  it is  only  t h e  geometry of t h e  
s h e l l  i n  t h e  v i c i n i t y  of t h e  sepa ra t ion  p o i n t  which i s  important  i n  t h e  evalu- 
a t i o n  of t h e  edge zone behavior.  Hence, our  r e s u l t s  apply  t o  any simply-con- 
nected s h e l l  of r evo lu t ion .  
Although it remains t o  be shown, we f e e l  t h a t  i t  i s  t h e  extreme s t r e s s  
s t a t e  i n  t h i s  edge zone which l e a d s  t o  t h e  i n i t i a t i o n  of nonaxisymmetric de- 
formation.  The s o l u t i o n  of t h e  eigenvalue problem posed i n  Sec t ion  3 w i l l  
y i e l d  va lues  of s epa ra t ion  angle  a t  which fo ld ing  i n i t i a t e s .  It w i l l  a l s o  
provide t h e  p r e f e r r e d  c i r c u m f e r e n t i a l  wave number k .  This  information might 
be of use  i n  t h e  des igning  of meridional  s t i f f n e r s .  
An important r e s u l t  of t h i s  a n a l y s i s  i s  t h e  f a c t  t h a t  t h e  p re s su re  
d i f f e r e n t i a l  r equ i r ed  t o  deform t h e  cons t ra ined  s h e l l ,  once it has assumed t h e  
con f igu ra t ion  depic ted  i n  F ig .  2.1, i s  e s s e n t i a l l y  zero.  More p r e c i s e l y ,  
a t  most. 
5. Recommendations f o r  Future  Work 
The r e s u l t s  ob ta ined  i n  t h i s  e f f o r t  r ep re sen t  a f i r s t  s t e p  i n  t h e  under- 
s tanding  of t h e  deformation of a r eve r s ing  diaphragm. At t en t ion  has  been l i m i t e d  
t o  t h e  axisymmetric, e l a s t i c  behavior of an  i s o t r o p i c  s h e l l  of r evo lu t ion ;  t h e  
i n i t i a l  phase i n  t h e  deformation process .  I t  i s  recommended t h a t  t h e  fol lowing 
a n a l y s i s  be attempted f o r  t h i s  same phase. 
(1) Consider the  e f f e c t  of employing a layered  s h e l l  cons t ruc t ion  
on t h e  edge zone s t a t e .  This  might r e q u i r e  cons ide ra t ion  of 
t r ansve r se  shear  deformation.  
( 2 )  Consider the  e f f e c t  of o r t h o t r o p i c  cons t ruc t ion  i n  t h e  
s h e l l  sur face .  The in t roduc t ion  of p r e f e r r e d  d i r e c t i o n  
of s t i f f n e s s  might a l l e v i a t e  t h e  extreme cond i t i ons  
e x i s t i n g  i n  t h e  edge zone. 
( 3 )  Consider t he  p o s s i b i l i t y  and consequences of p l a s t i c  flow. 
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1 This  document has  been approved f o r  p u b l i c  r e l e a s e  and s a l e ;  i t s  d i s t r i b u t i o n  i s  unl imi ted  
I The l a r g e ,  axisymmetr ical ly  deformed s t a t e  of  a cons t ra ined  s p h e r i c a l  
s h e l l  under e x t e r n a l  p r e s s u r e  i s  determined. Resu l t s  show t h a t  t h e r e  e x i s t s  
I a narrow zone a long  t h e  mer id iona l  wherein extreme stress l e v e l s  a r e  
a t t a i n e d .  I t  i s  p o s t u l a t e d  t h a t  when wr inkl ing  (asymmetric deformation)  
I i n i t i a t e s ,  it does  so  w i th in  t h i s  zone. These r e s u l t s  provide i n s i g h t  i n t o  I t h e  c o l l a p s e  mechanism of  p r o p e l l a n t  expuls ion  b l adde r s  and diaphragms i n  

